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Class 1 Neural Excitability, Conventional Synapses,
Weakly Connected Networks, and Mathematical
Foundations of Pulse-Coupled Models

Eugene M. Izhikevich

Abstract—Many scientists believe that all pulse-coupled neural (1 + cos¢;)s;;. The terml + cosy; takes into account the
networks are toy models that are far away from the biological apsolute and relative refractory period, sirice- cosg; ~ 0
reality. We show here, however, that a huge class of biophysi- after o, fired (crossedr)

i .

cally detailed and biologically plausible neural-network models .
can be transformed into a canonical pulse-coupled form by a  1hiS pulse-coupled model, as well as models (7), (10),

piece-wise continuous, possibly noninvertible, change of vari- and (11) below, has a universal property: a huge class of
ables. Such transformations exist when a network satisfies a biologically plausible and biophysically detailed neural models
numlglegscs)f fogfétiit‘;gfé %.gé, ithi: Wg:r‘]('y ggg&‘:“ﬁtighne ”;gﬁi’:jstaking into account dynamics of all ions, channels, pumps,
\E/ivri(teh an arbitrary small f.re.c’]uengy); amgjJ the synapses kF)’etween etc.,_can be converted t‘? this modgl by a sunabl_e plece.-\.lee
neurons are conventional (i.e., axo-dendritic and axo-somatic). ontinuous change of variables provided that certain conditions
Thus, the difference between studying the pulse-coupled model are satisfied. Thus, the question whether or not the pulse-
and Hodgkin—Huxley-type neural networks is just a matter of a  coupled model above is close to biological reality is replaced

coordinate change. Therefore, any piece of information about the 1, the question whether or not the conditions are biologically
pulse-coupled model is valuable since it tells something about all plausible

weakly connected networks of Class 1 neurons. For example, we ] ] ) ]

show that the pulse-coupled network of identical neurons does ~ The present paper is devoted to discussion of these condi-

not synchronize in-phase. This confirms Ermentrout’s result that tions. Among them the most important are the following.
weakly connected Class 1 neurons are difficult to synchronize, 1) Neurons are Class 1 excitable, which implies that the

regardless of the equations that describe dynamics of each cell. L o .

neuron activity is near a transition from quiescent state
ventional synapsee, desyndhvonization, ntegrate-and-fre, saddie. 1© Periodic spiking, and the emerging spiking can have
node on Ii?/nit F::yclé bifl}/rcation, Weakiy co?‘mected neur'al net- an grbltrafy small frequency. If we CppSlder codimension
works. 1 bifurcations, then such a transition corresponds to
saddle-node bifurcation on a limit cycle, but not to an

Andronov—Hopf bifurcation.

Neurons are weakly connected, which follows from the
ANY scientists believe that pulse-coupled neural net- in vitro observation that the amplitudes of postsynaptic
works are toy models; that is, even though they are  potentials (around 0.1 mV) are much smaller than the

based on abstractions of important properties of biological amplitude of an action potential (around 100 mV), or

neurons, they are still far away from the reality (despite the fact  the mean EPSP size necessary to discharge a silent cell

that we have no idea what the reality is). As a consequence, (around 20 mV).

all results obtained by studying pulse-coupled neural networks3) Synaptic transmission has an intermediate rate, which is

I. INTRODUCTION 2)

might be irrelevant to the brain. slower than the duration of an action potential, but faster
There are many pulse-coupled models. Among the four  than the interspike period.
considered in this paper, the simplest one has the form 4) Synaptic connections between neurons are of conven-
n tional type, which implies that the synapses under con-
@i = w; + (14 cos p;) Z 5i;6(p; — ™) sideration must be either axo-dendritic or axo-somatic,
j=1 but they cannot be axo-axonic or dendro-dendritic.

Synaptic transmission is negligible when presynaptic
neurons are at rest; that is, spontaneous release of
neurotransmitter does not affect significantly spiking of
postsynaptic neurons.
Mathematical technique to study Class 1 excitable systems
was developed by Ermentrout and Kopell [2] who studied

whereyp; € $t is the phase variable that represents activity of
theith neuronS! = {¢'¥ € C} is the unit circlew; > 0 is the
frequency,—1 < s;; < 1 is the synaptic coefficient, antlis

the Dirac delta function. Thgth neuron fires whemp; crosses
m; at this moment it increments activity of thigh neuron by

Manuscript received August 8, 1997; revised November 1, 1998. ~  parapolic bursters. Later Ermentrout [3] used assumption 2) to
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State University, Tempe, AZ 85287-7606 USA. analyze rigorously the behavior of two weakly connected Class
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Frequency
Class 1 Class 2
/ ®
T . Fig. 2. Saddle-node bifurcation on a limit cycle (from [6]).
Applied Current Applied Current

Fig. 1. Dependence of frequency of oscillations on the strength of appli

current (the parameter,) in the Wilson—Cowan model (from [6]). %‘ to 150 Hz, but it could vary from neuron to neuron. The

exact numbers are not important to us here. The qualitative
- . distinction between Class 1 and 2 neurons is that the emerging
that Class 1 neurons are difficult to synchronize. In the pres

. illations have zero frequency in the former and nonzero
paper we use the other assumptions to extend Ermentrowes

; . guency in the latter. This is due to different bifurcation
result to networks ofmanyneurons. We achieve this goal by echanisms

showing that an arbitrary neural network satisfying the con '%et us consider the strength of applied current in Hodgkin's

tions above can be transformed tp a pulse-coupled canonif eriments as being a bifurcation parameter. When the cur-
model by a suitable change of variables (such a pulse-coup 8ft increases, the rest potential bifurcates, which results in

moddel_ Wal.s 'rt]IOt V\g'tte?] epr|C||tIy bé’ tlirmetr]\trout [3]'tt*?“t WaSts Joss of stability or disappearance, and the neuron activity
used implicitly when ne employed the phase-Tesetling CUryg ;omes oscillatory. The bifurcation resulting in transition

argulments). ;I'r:jen \t/ve skhow t?at m-pfllaze dynr;\]mlqs of Sh m a quiescent to an oscillatory state determines the class
a pulse-coupled network spontaneously desynchronize, Wi, o 5| excitability. Since there are only two codimension

implies that des_ynchro_nlzatl_on is a genuine attribute _Of Clafsoifurcations of stable equilibria, it is not surprising that [6],
1 neurons that is relatively independent of the equations trr%]_

describe the neuron activities.

We cannot afford to render the proofs here, since they
involve invariant manifold reduction and a number of singular
transformations. Thus, we refer a mathematically oriented o
reader to the book by Hoppensteadt and Izhikevich [6], who Class 2:Neural excitability is observed when a rest po-

provide the necessary background information and the proofs. tential loses Stabf"ty V"F?‘ théndronov—Hopf b|furcat|on_ )
The saddle-node bifurcation may or may not be on a limit

Il. THE ASSUMPTIONS cycle. The Andronov-Hopf bifurcation may be either subcrit-
ical or supercritical. The bifurcational mechanism describing
spiking activity must explain not only the appearance but also

the disappearance of periodic spiking activity when the applied

There are two phenomena associated with the generation.gfrent is removed. This imposes some additional restrictions
action potentials by neurons—neural excitability and transiti§}, the bifurcations. which are scrutinized in [6].

from rest to periodic spiking activity. The former is a single |, this paper we consider Class 1 neural excitability that
response to external perturbations, the latter is a qualitatiygses when the rest potential is near a saddle-node bifurcation
change in dynamic behavior. The type of neural excitability, 5 jimit cycle, which is also referred to as being saddle-
depends intimately on the type of bifurcation from quiescefbge pifurcation on an invariant circle; see Fig. 2. Looking
to oscillatory activity. To classify the spiking mechanism, wg; the figure from right to left suggests the mechanism of
must identify the bifurcation. o _ disappearance of the periodic spiking activity. The saddle-node
To study the transition from rest to periodic spikingpisrcation on a limit cycle explains both appearance and dis-

Hodgkin [5] performed the following experiment. He appliedysnearance of oscillatory activity, and no further assumptions
a weak current of increasing magnitude. When the curreg, required.

became strong enough, the neuron started to generate spikeg,qdle-node bifurcations on limit cycles are ubiguitous in
repetitively with a certain frequency. Hodgkin suggested th&,_gimensional systems
following classification (see Fig. 1).
¢ Class 1 Neural Excitability:Action potentials can be
generated with arbitrarily low frequency, depending on = flz,v)
the strength of the applied current. {
e Class 2 Neural Excitability:Action potentials are gen-
erated in a certain frequency band that is relatively
insensitive to changes in the strength of the appliqdt us plot the nullclines: = 0 andy = 0 on the zy-
current. plane. Each intersection of the nullclines corresponds to an
Class 1 neurons in Hodgkin experiments fired with a freequilibrium of the model. When the nuliclines intersect as in
guency that varied smoothly over a range of about 5 to 150g. 3, the bifurcation occurs. The phase portrait in the figure
Hz. The frequency band of the Class 2 neurons was usudlysimilar to the one in Fig. 2.

¢ Class 1:Neural excitability is observed when a rest po-
tential disappears by means ofaddle-node bifurcatign
also known as fold bifurcation.

A. Neural Excitability
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(from [2] and [6]).

>
/1[; 0
Fig. 3. Saddle-node bifurcation on the limit cycle in Wilson—-Cowan model \\\j /‘P

Fig. 5. The transformatioh maps solutions of (1) to those of (2).

O v(t)
l Morris-Lecar Model
y'=0 _

X

+1T
, , . . _— . (1)
Fig. 4. Wilson—Cowan relaxation oscillator exhibiting saddle-node bifurca- .
tion on the limit cycle (from [6]). /I/M Canonical Model
—T

Saddle-node bifurcation on a limit cycle can also be olfig- 6. Spiking activities of the Morris-Lecar system (see [3]) and the
served in relaxation systems of the form Ermentrout—Kopell canonical model (2) are relatedds) = h(v(t)) for

some functionh.
' = f(z, y)
{ , ’ p<l | o .
v = pg(x, y), andr € R is a new bifurcation parameter. Particulars of the

having nullclines intersected as in Fig. 4. Again, the phadénctionf”in (1) do not affect the form of the canonical model
portrait of such a system is qualitatively similar to the ong?), butaffect only the value of the parameteiThe advantage
depicted in Figs. 2 and 3. of the canonical model (2) for neuroscience applications is
Saddle-node bifurcation on a limit cycle leading to Class that its studying sheds some light afi neuron models, even
neural excitability can be observed in many multidimensionH10S€ that have not been invented yet. The disadvantage of
biophysically detailed systems of Hodgkin—Huxley type, sudh€ canonical model (2) is that the change of variabless
as Connor [1] and Morris—Lecar [9] models (see [3]). Many beguarant_eed to exist Wh_en (1) is near th_e saddle-npde on limit
lieve that majority of cortical neurons in mammals are of Clag¥cle bifurcation; that is, whe\ — Ao| is small. Since the
1 (B. Ermentrout, personal communication). Incidentally, theeriod of spiking is proportional ta//|A — Ao| in this case
Hodgkin—Huxley model exhibits Class 2 neural excitability fof[3]: See also [6, Proposition 8.4]), proximity to the bifurcation
the original values of parameters. It may though exhibit Clag8Plies thatthe neuron under consideration fires with a very
1 excitability when a transient potassium A-current is takd@'ge interspike period

into account [11]. The transformatior: that maps solutions of (1) to those
The Ermentrout-Kopell Canonical Modeonsider a sys- Of (2) blows up a small neighborhood of the saddle-node
tem of the form bifurcation point and compresses the entire limit cycle to an
] open set aroundr € $'; see Fig. 5. Thus, whe® makes
X =F(X,\) (1) a rotation around the limit cycle (generates a spike), the

canonical variabler crosses a tiny open set around Since
ghe pointsy and—= are equivalent on the unit circi, every
time ¢ crossesr, it is reset to—=. In this case the activity

describing dynamics of a neuron, where varialledescribes
its activity (e.g., membrane potential and activity of all ion
currents, channels, pumps, etc.), ants a vector of parame- X ) o=
ters. Since we are far away from understanding all details §f*) treated as a variable froift has discontinuities that may
neuron dynamics, we do not have detailed information abd@PX like spikes too; see Fig. 6. _

the function 7. Moreover, we do not even know what the 1€ canonical model (2) has the following property: If
dimension ofX is. r > 0, the neuron fires repeatedly with the peried\/7. If

It is a great challenge to study (1), but much progress can Hhe 0 then there is a rest state (stable equilibriupm) and a

achieved when (1) has Class 1 neural excitability, i.e., therelyeshold state (unstable equilibrium)” given by

a saddle-node bifurcation on a limit cycle for sorg In this 147

case we can use the Ermentrout—Kopell theorem [6, Th. 8.3] ¢* =+cos ! 1

combined with the invariant manifold reduction [6, Th. 4.2] to

find a continuous noninvertible change of variables ) =  If ¢(0) is near the rest state™, it converges to the rest state.

h(X, ), which exists for all\ near o, that transformgvery If ((0) is perturbed so that it crosses the threshold vaitie
system of the form (1) to the Ermentrout—Kopell canonicad makes a rotation (fires a spike) and returns to the rest state
model ©~; see Fig. 7.

@) The parameter in the canonical model is a bifurcation
parameter. When crosses the bifurcation value = 0, the
wherey € St is a phase variable that describes activity of thieehavior of the canonical model, and hence the original system

neuron along the limit cycle§' = {¢!¥ € C} is the unit circle, (1), changes from excitability to periodicity. When# 0, we

¢ = (1 —cosp) + (1 + cosp)r
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Excited C. Rate of Synaptic Transmission

(Regenerative)

Threshold . o . o . )
Q Potential Sometimes it is convenient to distinguish relatively fast

processes related to the generation of an action potential, and
relatively slow processes related to the synaptic transmission.

Spike For this, we can write a weakly connected neural network in
Absolute the form
Refractory Rest .
Potential Ty :fz(xlv )‘) + Egi(clv Tty Cny )‘7 5)
Relative Refractory G =pi (372‘7 Ci, /\)
Fig. 7. Physiological state diagram of a Class 1 neuron (from [6]). where eachz; describes generation of action potential by
the ith neuron, and each vecte; describes the processes
can use the change of variables taking place at its synaptic terminals. Whepis quiescent,
1 @ ¢; converges to a stable equilibrium corresponding to the “no
V= 2%&11\/—7 tan o (3) transmission” state. The rate of convergengés the absolute

value of the largest real part of the eigenvalues of the Jacobian
to transform the canonical model into one of the followingnatrix / = D.,p; at the equilibrium. (Ifc; were a scalar,

simple forms: theny, = —0p,;/d¢;.) The smaller the ratey;, the slower
9 = —wecos? (excitable activity r < 0) the synaptic transmission is. 4; = O(\/|A — Ag|), as was

implicitly assumed in [3], then the synaptic transmission may
take as much time as an interspike interval.

wherew = 2,/|r| is a positive parameter. The transformation In this paper we assume thatis a relatively small constant

(3) justifies the empirical observation that the behavior &hat is independent ofA — A|. This results in synaptic
the Ermentrout—Kopell canonical model (2) for negatives transmission having an intermediate rate: It is slower than the

equivalent to that for = —1; and for positiver is equivalent duration of a spike, but faster than the interspike interval; see
to that forr = —+1. the upper part of Fig. 11 for an illustration.

The canonical model (2) is probably the simplest excitable Let us denoteX; = (z;, c;) and rewrite the system above
system known to mathematical neuroscience: It is ontl the form (4), wherelF; = (f;, p;) and G; = (g;, 0).
dimensional; it has Class 1 neural excitability or periodi¥/hen eachy; is a constant, the systety = fi(zi, A) is
activity; and it is biologically plausible in the sense that anjt @ saddle-node bifurcation on a limit cycle if and only
other Class 1 excitable neuro-system can be converted to théhe systemX; = F;(X;, A) is (this is not valid when
form (2) by an appropriate change of variables. Many other = O(y/|A — Ao])). Thus, without loss of generality, we
examples of canonical models can be found in the book Bjay consider weakly connected neural networks of the form
Hoppensteadt and Izhikevich [6]. (4) in our analysis below.

¥ =w (periodic activity » > 0)

B. Weakly Connected Neural Networks D. Conventional Synaptic Connections

Little is known about dynamics of biological neurons, even It is a great challenge to study weakly connected neural
less about networks of such neurons. A promising approaiétworks of the form (4) since we have no information about
is to take advantage of the fact that neurons are wealthe functionsG;. A plausible auxiliary assumption is that the
connected. Such neural networks can be written in the forngonnection functiongs; have the pairwise coupled form

A =Bl et e A A @ ) = Y6, X 0+ 0

where each¥; describes activity of théth neuron, the function j=1

G, describes how théth neuron is affected by the other
neurons, ang¢ < 1 is a small dimensionless parameter that ) . .
denotes weakness of connections. Neurophysiological just@f”’_‘ec“m be_tween peurons_be _conventlonal [12]; see Fig. 8.
cation of the assumption of weakness of connections is bas B"'F’“S'V’ if this requirement is violated, then syngpuc trans-
on thein vitro observation that amplitudes of postsynaptiEnISSIOn betvye_en two_neurons Ca.”’.“.’t be considered as a
potentials (PSP's) are around 0.1 mV, which is small i rocess that is independent from activities of the other neurons.

comparison with the amplitude of an action potential (arou & rFe_zanraane, trgnsmr:s?odn via |rl;h|b;:]ory_aﬁ_(:3—_?endrlt|c syhapse
100 mV) and the amplitude of the mean EPSP necessdfy’ '9- ¥ can be shut down by the nhibitory axo-axonic
to discharge a quiescent cell (around 20 mV); see detail apse.
discussion by Hoppensteadt and Izhikevich [6, Sec. 1.3] who ,
obtained an estimate E. Spontaneous Transmitter Release

Let X; = 0 denote the state when the neuron membrane po-
tential is at rest. The behavior of the network depends crucially
for a model of hippocampal granule cells usimgvitro data on the valugZ;;(0, 0). The caseé?;;(0, 0) # 0 corresponds to
[8]. the spontaneous release of a neurotransmitter even when the

hich is equivalent to the requirement that the synaptic

0.004 < € < 0.008



IZHIKEVICH: CLASS 1 NEURAL EXCITABILITY 503

>
3

Morris-Lecar Model

Subthreshold Suprathreshold
Stimulus Stimulus

Canonical Model
Conventional Synapses Unconventional Synapses

Fig. 8. Axo-dendritic and axo-somatic synapses are convention&lg. 11. Response of a postsynaptic neuron to spiking of presynaptic neu-
Axo-axonic and dendro-dendritic synapses are unconventional (from [6]). rons. First spike produces a subthreshold EPSP, second spike produces a
suprathreshold EPSP. Simulations are performed: fer 0.1.

and eachG,;(X;, X,;) = 0 for X; from some open neigh-
borhood of the saddle-node bifurcation point. Then, there is
g0 > 0 such that for alk < g9 and all A = \g + O(&?) there

is a piece-wise continuous transformation that maps solutions
of (5) to those of the canonical model of the form

/ o
Fig. 9. Transmission of the conventional inhibitory synapse can be shut @; = (1 —cosep;) + (1 + cosi)r;

down by an unconventional axo-axonic inhibitory synapse (from [6]). n
+ Z wi; (¢i)8(p; —m) + O(y/e In )
j=1

G where’ = d/dr, T = et is the slow time$ is the Dirac delta
function satisfyings(y) = 0 if y # 0, §(0) = 0o, and [ § = 1.
Each functionw;; has the form
0 IXl

w;; (i) = 2atan (tan % + s“) — @ (6)
Fig. 10. The function#;;(X;, X;) = 0 for all X; near zero.
and eachs;; is a constant, which is proportional {67;;]|.

. . . ._It should be stressed that quantitative behavior of (5) and
presynaptic neuron is quiescent. _SUCh a release_ always exigfs canonical model above may differ (as in Fig. 11), but
n b|olog|ca| neurons [12] due to its the stochastic nature. qualitatively they are the same in the sense that the latter is

In this paper we assume tha;;(X;, X;) = 0 for all gpained from the former by a piece-wise continuous change

X; from a small neighborhood of the origin; see Fig. 1001‘ variables. The particulars of the functio#$ and G;; do

We interpret th!s as the fqllpwmg: The spontaneous rel.eaﬁgt affect the form of the canonical model, but affect only the
of neurotransmitter is negligible when the neurons are S'Ie%lues of the parameters and s;;
"

Moreover, small wobbling of the membrane potential of the Remark 2—B. Ermentrout, Personal Communicatidet

pres_ynaptlc r;er:]uron does EOt affect dynam|c§ of the postgy: drop the assumption that the synaptic transmission rate is
naptic one. Thus, to evoke any postsynaptic response, rmediate, and assume that it is as slow as the interspike

presynaptic neuron must generate a spike. period. For example, we may take(x;, ¢;, \) = q(z:) — ec;
(see Section II-C), which corresponds to fast rise but slow

lll. THE CANONICAL MODEL decay of synaptic transmission. Then the canonical model
The following theorem follows from Theorem 8.11 andvould have the form
Proposition 8.12 by Hoppensteadt and Izhikevich [6]. Its proof @i =(1 —cosg;) + (1 +cos p;)(r; + ¢;)
involves invariant manifold reduction and a number of singular n
transformations. G = sibp; —m) — ¢
Theorem 1: Consider an arbitrary weakly connected neural j=1
network of the form which is very close to what is studied in [3].

Xz:Esz)‘+GzX77Xn7)‘7 5

( )+ Gl 2 ®) A. The Pulse-Coupled Model

satisfying the assumptions discussed in Section II. That is,The canonical model in Theorem 1 has a small remainder
each equationX; = F;(X;, \) undergoes a saddle-nodep(,/z1n¢) that smooths the pulses; see Fig. 12. Sineg 1,
bifurcation on a limit cycle for some = Xo. Each function e drop the remainder in what follows. Thus, we study a
G; has the pair-wise connected form pulse-coupled neural network of the form

Gi(Xy, -+, Xy Ao, 0) = > Gig(Xy, X;) @i = (1—cos ;) +(14cos gi)ri+ Y wij(0:)8(p;—7). (7)
J=1

=1



504 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 10, NO. 3, MAY 1999

B. Simplification of the Pulse-Coupled Model

T Suprathreshold

Stimulus ?ﬁ/] The pulse-coupled model can be simplified when the pa-
0 rametergs;;| are small. Indeed, the Taylor series of eagh
T as a function ofs;; has the initial portion

wij(pi) = 0+ sij(1+ cos ;) + O(s3)).

Therefore, the pulse-coupled model can be written in the form

i =(1—cosg;)+ (1 +cosp;) | ri + Zsijé(% — )
j=1

(10)

Fig. 12. Solutions of the pulse-coupled model with (continuous curve) alus small terms of orde®(s?). This system is easier to
without (dotted curve) the small remaindé?(y/c1ln¢). Simulations are ana|yze and faster to simulate, but caution should be used
performed fore = 0.1. . . .
when s;; have intermediate values, since the terisi?j)
may not be negligible in this case. To summarize, one should
2 use the original pulse-coupled model (7) whenever possible,
and simplified model (10) only when there is a need to speed
Yi up simulations.
If the bifurcation parameters are all fixed and nonzero, we
may use the transformation (3) to simplify the pulse-coupled
@ system above even further. When aJl are negative, then
X 0 +n we have the following canonical pulse-coupled network of
excitable neurons:

Fig. 13. Graph of the functiom; ;(¢;) = 2atan (tan ¢; /2 + s;5) — ¢@;

for s;; = 1. n
’ 9 = —wicosd; + (1+cos9,) Y ei6(0; —7)  (11)
i=1
We see that each neuron is governed by the Ermentrout—Kopell ’
canonical model wherew; = 2+/|r;| and ¢;; = /|ri|si;. If the bifurcation
parameters-; are all positive, then we have the following
@i =(1—cosg;) + (1 + cosp;)r;. canonical network of pulse-coupled oscillators:
When ¢; € St crossesr (fires a spike), the value of; is ¥, = w; + (14 cosd;) Zciﬂ'éwi — 7). (12)
incremented byw;;(¢;), which depends on the state of the i=1

ith neuron. A typical shape af;; is depicted in Fig. 13 (for
positive s;;). The neurons interact by a simple form of puls
coupling: Wheny; fires, it resetsp; to the new value

g)bviously, if r; had different signs, we would have a mixture
of the canonical models above.
Remark 3: Notice that the standard assumption of integrate-
old and-fire models, viz., that the postsynaptic membrane potential
QY = 2atan<tan %2 +3i]’> (8) is incremented by a constant value due to each firing of a
presynaptic neuron, is not valid for Class 1 excitable neurons
due to the term(1 4 cos®;). The term takes into account
the absolute and relative refractory periods. Indeed, after the
neuron fires a spike; that i8; crossesr, the term(1+cos ;)
ew ol is small meaning that the neuron is not sensitive to the spikes
i —tanZi 4, (9) converging from the other neurons at that time.
2 2 Let us find out when the synaptic parametgrs| in (7)
are small. Surprisingly, this is related to the question: “Why

The variable ¢; integrates many such inputs from other - . . .
vi IMeg nany P do we require that the distance to the saddle-node bifurcation,
neurons, andy; fires when it crosses, hence the name

. ! 1 : |A — Xol, in the Theorem 1 be of ordef?” Suppose it is not,
integrate-and-fire One can trealp; € $' as being the phase . .

. . . . . then we rewrite the weakly connected network (5) in the form
of the ith oscillator. In this case the functiow;; is the

phase resetting curv&Vhen connections between neurons are  x, — £(X,, A) + /|]A — Ao|Gi(X1, -, X, A, €)
excitatory, i.e., whers;; > 0, thenw;; is nonnegative, and ~

firing of the jth neuron could only advance that of tila whereG; = ¢/\/|A — Xo|G;. Formal application of Theorem
one. Similarly, when the connections are inhibitosy;, < 0, 1 yields the pulse-coupled canonical model in whigh are
thenw,; < 0, and firing of thejth neuron can never advanceproportional toe/+/|A — Ag|. Therefore,s;; is small when
that of theith one. A = Xo| > €2

which depends on the current activiy?!d. This might be
easier to analyze when we rewrite (8) in the form

tan
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o Vi N PN AN

. Model ~ Simplified ! ?,
Distance to Pulse-Coupled
Bifurcation Model (@
A — Aol

PAANAAAAAAN
(i dddddddd

(b)

#

LS

Strength of Connections €

Fig. 14. A weakly connected network of Class 1 excitable neurons can be
converted into (original) pulse-coupled model (7) wHan— \o| = O(£2),

into (simplified) model (10) wherm? < |A — Ag| < ¢, or into the phase
model (13) whenX — Xo| > ¢/(In¢)2.

Notice that eachs;; has the lower limits;; > (/e In ¢,
which guarantees that the connection term in (10) has more (c)
weight than the small remaindé}(/¢ ln ¢) that we neglected. Fig. 15. Various synaptic organizations and corresponding behavior of the
Therefore| A — \¢| < ¢/(lne)? and we obtain the range  Pulse-coupled model.

£
e <A = dol € ey for » > 0. Sincew,;(7) = 0, it is easy to see that the network
always has an in-phase synchronized solution
in which the usage of the simplified pulse-coupled model (10)
is justified; see summary in Fig. 14. (p1(7), -5 () = (¢(7), -+, $(7))

where ¢(7) is the periodic solution to the equation
C. The Phase Model
: i i /= (1 —cos¢) + (1 + cos)r.
Whene < |A—Xgl; that is, when the strength of connections ¢ =
is much weaker than the distance to the bifurcation, the pulﬁf— . . .
et us study the stability of the in-phase solution for the case
coupled model (10) becomes uncoupled (up to the next orderin
. s . n=2andn > 2.
¢). In this case each neuron is either quiescent (when 0) or
a pacemaker (wher > 0) regardless of activities of the other
neurons [6, Corollary 8.9]. The latter case is interesting sinfe TWO Neurons
we can study various synchronization phenomena in a networkConsider a network of two identical neurons connected in
of such pacemakers. For example, if all neurons have neaolye direction, say fronp; to ¢, [see Fig. 15(a)]
identical frequencies, then we may apply the Malkin Theorem |
[6, Th. 9.2] to the weakly connected oscillatory system (5) to ¥1 = (1 —cos1) + (1+ cosp1)r
convert it to the canonical (phase) model @0y = (1 —cos@z) + (1 + cos p2)r + w(p2)d(p1 — 7).

, n Let us perturb the in-phase synchronized solutiorfr) =
pi=wit+ Y sijH(p;—¢i), H(x)=1-cosx (13) ,(7) by assuming thaps > ¢1; that is, the second oscillator
j=t is slightly ahead of the first one. Sinee > 0, firings of
plus high-order terms i\ — Ao|. The form of the connection ¥* advancep, even further, which means that the in-phase

function H was obtained numerically by Golomb and Hansdo!Ution is unstable. After a whileps(7) — 1(r) + 2,
and each firing ofp; advancesp, even closer tap;(7) +

(personal communication) for a particular neural model, and = 4.(r), which may look like the neurons are trying

it is canonical for an arbitrary weakly connected network (%‘;rs nchronize again. We see that the in-ohase svnchronized
Class 1 neurons having periodic activity [7]. A short way tQ y gain. P Y

o Solution for the synaptic organization in Fig. 15(a) is stable
see this is to assume that all are equal and al;; are small . . . .
; . . in_one direction and unstable in the other. The pulse-coupled
in the system (12). In this case the phase model (13) is a . - ; :
. model is at double limit cycle bifurcation [see 6, Sec. 2.7.3].
direct consequence of [6, Th. 9.12]. . . . . .
This occurs because we consider tigentical neurons, which
is not a generic situation. If we allow them to be slightly
IV. SYNCHRONIZATION VERSUS DESYNCHRONIZATION different, then there is no synchronized solution wherc o
(i.e., wheny; is slower thanys), and there is a nearly in-
phase synchronized solution with a small phase shift when
) n r1 > 72. The shift increases, though, when— », increases.
p; = (1 —cosy;) + (1 +cosp;)r + Zwia’(%)fS(% — )  Similar considerations are applicable to the case whelis
j=1 an inhibitory neuron.

Consider a network of identical pulse-coupled neurons
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Now consider the synaptic organization in Fig. 15(b). Such 9=0

neurons are governed by the system o ¢+u(11) nz—a
@) = (1 - cosipr) + (14 cosipr)r + wia(p1)é(02 — ) i !
@5 = (1 = cos ) + (1 + cos a)r 4 wa1 (2)8(p1 — ) e

e . Fig. 16. lllustration to the proof that Class 1 neurons desynchronize.
wherew;> < 0 (inhibitory synapse) ana»; > 0 (excitatory

synapse). Ifps > ¢, then firing of ¢; advancesy,, and

firing of ¢, delaysp; so that the distance between theng€e (9). We are not interested in exact valuebofve just
increases. Both synapses contribute to instability of the iRotice that wheny; crossx (fire a spike), the phase of the
phase synchronized solution in one direction and its stabilif§st neuron isp; =« 4 b. At this moment it receives pulses
in the other. Qualitative behavior of such a network is simildfom the othern — 1 neurons, and its phase is increased by

to the one considered above. (n — Dw(m + b), so that
So far our arguments were similar to those in [3]. They new T4+b
- ? " Yoo ¢ 1
were based on the fact that the phase-resetting curve (function an—5— =tan— +(n = Ds.

w;;) does not change sign. This was enough for synapgtlznce

organizations in Fig. 15(a) and (b), but it is not enough for

the synaptic organization in Fig. 15(c). Indeed, a firingsgf tan

pushesy, and increasegs — 1, but a subsequent firing of;

pulls ¢; and decreaseg, — ;. To determine stability of the we can use (15) to obtain

in-phase solution we must take into account the relative sizes

of those pushes and pulls. In the next section we show that the tan

sizes are exactly the samesif; = s;;. This implies that the

in-phase as well as any out-of-phase synchronized soluti-gﬂerefore

is neutrally stable; that is, the phase difference betwgen pan P10 = tan "0 | — 9y,

and @2, may differ during one oscillation, but returns to the

initial value at the end of the oscillation, i.€;(0) —¢2(0) = One can see from this equation tha¥*" = 7 + ¢ when

©1(T’) — @2(T’), whereT' is the period. Such a behavior isp = 2, which means that the perturbation persists after the

not generic in the sense that small perturbations;adr s;; network activity crosses amneighborhood ofr. In this case

may destroy it. the in-phase solution of (14) is neutrally stable and one should
In conclusion, the in-phase synchronized solution of tweake into account the small remaind@t,/eln ¢) in the pulse

identical Class 1 neurons exists, but it is not exponentialioupled model (see Theorem 1) to investigate the stability

stable. Small perturbations can make it disappear or stabilizgrther. If n > 2, then ¢?*V > 7 + a, which means that

with a small phase shift. The result is valid for an arbitrarthe perturbation increases in size. Therefore, the in-phase

T+b - +b T —0b
= tan = —tan

T—a T+ a
— s = tan

= —tan

synaptic organization. solution is unstable, and neurons desynchronize. What kind of
dynamical regimes the pulse-coupled model can have besides

B. Many Neurons in-phase synchronization is an important, but still unsolved
problem.

Let us show that the in-phase solution for .
We see thaClass 1 neurons spontaneously desynchronize

n This fact was observed numerically [4] and proved analytically
L = (1—cos ¢;)+(1+4cos <p<)7’+z w(p;)6(p;—m)  (14) - :

i i i i J [3] for two coupled neurons. Since we use the canonical model

J=1 to prove this fact for. > 2 neurons, we confirm and extend the

is neutrally stable when = 2 and unstable when > 2. For Ermentrout’s result [3] that difficulty to .s'ynchro_niz.e in-phase
this, consider its small perturbation is a general property of Class 1 excitability that is independent

of the equations describing the neuron dynamics.
(QOI(T)a ¢2(T)’ T gOn(T))
= (¢(7) + alr), ¢(r), -+, #(7)) V. DiscussION

wherea(r) is small. To prove instability it suffices to show that In this paper we discuss how an arbitrary weakly con-
: . . . hected network of Class 1 neurons (5) satisfying just a few
|a(7)| grows with each cycle. If parameteiin (9) is positive,

) . . . . assumptions can be transformed to the pulse-coupled form
we consider positive perturbatien(negative otherwise). Thus, ), (10)=(12) by a suitable piece-wise continuous change of
the first neuron is ahead of the other neurons; see Fig. % y P 9

o variables (see Theorem 1). Therefore, the point of view that
When it fires,p1 = ¢ +a = w, and, hencey; = = — a, for o
) . . pulse-coupled neural networks are “toy” models that were
i = 2, ---, n. At this moment all suchy; are increased by

: “motivated” by biological neurons is no longer appropriate:
w(n — a) and acquire a new value, say,— b, whereb > 0 . .
. The only difference between studying pulse-coupled neural
can be determined from

networks mentioned above and biophysically detailed and
b B o : L
ban —tan © a+$ (15) accuratelHodgkm Huxley-type neural networks is just a matter
2 of coordinate change.

2
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